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THE RING AS A TORSION-FREE COVER

BY
EBEN MATLIS

ABSTRACT

Let R be an integral domain and I a non-zero ideal of R. The canonical map
R — R/I is called a torsion-free cover of R/I if every R-homomorphism from a
torsion-free R-module into R/I can be factored through R. The main result of
this paper is that R — R/I is a torsion-free cover if and only if R is complete in
the R-topology and I is an ideal of injective dimension 1. In this case I is
contained in the Jacobson radical of R. And if A is the endomorphism ring of I,
then A is a quasi-local domain. If I is a flat R-module, then Q— Q/A is a
torsion-free cover, where Q is the quotient field of R. And then Q/A is an
indecomposable injective R (and A) module. Special results are obtained if R is
a Noetherian domain or a Priifer domain.

§1. Introduction

Throughout this paper R will be an integral domain, not a field, with quotient
field Q. An R-module A is said to be a torsion-free cover of an R-module B if
(1) A is torsion-free; (2) There exists an R-homomorphism ¢: A — B; (3) Ker
¢ contains no non-zero pure submodule of A; (4) If X is a torsion-free
R-module and f: X— B is an R-homomorphism, then there exists an R-
homomorphism A: X — A such that ¢A = f; that is, the diagram

2l
A-2>B

exists and is commutative. We remark that the definition of purity used is that D
is said to be pure in A if A/D is torsion-free. It is obvious that ¢ is a surjection.
In [3] Enochs defined and proved the existence and uniqueness of a torsion-
free cover for any R-module B. In a later paper (1] Banaschewski gave a
concrete construction of the torsion-free cover and an improved proof of its
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uniqueness. Nevertheless, the difficulty of determining what the torsion-free
cover looks like in concrete cases remains a distinct problem. However, in [4],
Enochs proved the remarkable theorem that R — R/M is a torsion-free cover
for some maximal ideal M of R if and only if R is a maximal valuation ring.
Cheatham provided still further insight in [2] by showing that if T is a proper,
non-zero submodule of Q, then Q — Q/T is a torsion-free cover if and only if
Q/T is injective and T is complete in the R-topology.

(We recall that if C is an R-module, then the R-topology on C is defined by
taking all of the submodules of the form JC, where J is a non-zero ideal of R, as
a base of neighborhoods of 0 in C. The completion of C is then obtained in the
usual way; and C is said to be complete in the R-topology if it is isomorphic to its
completion.)

The aim of this paper is to extend our knowledge of torsion-free covers, and to
place the results of Enochs and Cheatham in greater perspective. The main
theorem we shall prove is that if I is a proper, non-zero ideal of R, then R — R/I
is a torsion-free cover if and only if R is complete in the R-topology, and the
injective dimension of I is one.

This latter pair of conditions is the same as the condition that Extx(X, I)=0
for all torsion-free R-modules X. And this condition is clearly the same as the
condition that whenever I is a pure submodule of a module it is a direct
summand. Obviously then, an ideal I with any of these properties is special, and
non-complete rings do not have any ideals of this type.

It is not hard to show that if Extx(X,I)=0 for all torsion-free X, then
R — R/I is a torsion-free cover. This proves half of the main theorem. What is
highly non-obvious, and indeed difficult to prove, is the converse. The proof of
the converse occupies the main portion of this paper. Another way of stating the
converse is that if the canonical map Extr(X, I)— Extx(X, R) is a monomorph-
ism for all torsion-free X, then Extp(X, I) =0 for all torsion-free X. A careful
examination of the insights obtained in the proof enables us to obtain further
interesting results for special cases.

An important result obtained along the way is that if R — R/I is a torsion-free
cover of R/I, then I is contained in the Jacobson radical of R. Also, using this
theorem we can show that if P is a non-zero prime ideal of R, then R—>R/Pisa
torsion-free cover if and only if P = R,P and R, is a maximal valuation ring. As
a further corollary we can show that if R is a Noetherian domain, then R — R/I
is a torsion-free cover if and only if R is a complete, Noetherian, local domain of
Krull dimension one; and in this case I is isomorphic to the canonical ideal of R.
We also provide some new examples of torsion-free covers.
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§2. Preliminaries

We now record without proof the following elementary proposition about
R -submodules of Q.

ProrosiTioN 0. Let A#0 be an R-submodule of Q. Then

(1) A has no proper, non-zero, pure submodules.

(2) Any R-module endomorphism of A is given by multiplication by a unique
element of Q. Therefore, Homg(Q, Q)= Q.

(3) If A# Q, then Homg(Q, A)=0 and Homx(Q/A, Q)=0.

The following homological description of completeness ([8, theorem 9}) will be
used repeatedly.

THEOREM A. Let A be a torsion-free R-module. Then A is complete in the
R-topology if and only if Homg(Q, A) = 0 and Extx(Q, A)= 0 (i.e., if and only
if A is a cotorsion R-module). Thus if A is complete, then Extx{(Q®ReX,A)=0
for every R-module X.

For the sake of easy reference we shall state without proof the following
fundamental theorem of Banaschewski ([1, proposition 1, proposition 2]).

THEOREM (Banascheski). Let B be an R-module and E an injective envelope
of B. Let T(B)={f € Homz(Q, E)|f(1) € B}. Define ¢: T(B)—~ B by ¢(f) =
f(1). Then ¢: T(B)— B is a torsion-free cover of B, and every other torsion -free
cover of B is isomorphic to T(B).

We shall however give a complete proof of the following theorem due to
Cheatham ([2]).

THeOREM (Cheatham). Let C be an R-module that is not torsion -free. Then the
following statements are equivalent:

(1) C is an injective R-module, and Homg(Q, C)= Q.

(2) C = Q/T for some proper, non-zero R-submodule T of Q; T is complete in
the R-topology; and inj.dimg T = 1.

(3) C=Q|T for some proper, non-zero R-submodule T of Q; and
Extr(X, T) =0 for all torsion-free R-modules X.

(4) C= Q/T for some proper, non-zero R-submodule Tof Q; and Q — Q/Tis
a torsion-free cover of QJT.
In this case C is an indecomposable, injective R-module.

Proor. (1) = (2). We have an exact sequence:
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0— Homr(Q/R, C)— Homg(Q, C)—>Homg(R, C)—0.

Because Homg(Q, C)= Q and Homg (R, C) = C, we see that Homz(Q/R, C) is
isomorphic to a proper, non-zero R-submodule T of Q; that C = Q/T; and that
inj. dimeT = 1.

Since Hom(Q, T) = 0, by Proposition 0, we have an exact sequence:

0— Homg(Q, Q)— Homg(Q, Q/T)— Extx(Q, T)— 0.

But Homg(Q, Q)= Q by Proposition 0, and Homz(Q, Q/T)= Q by assump-
tion, and thus Extx(Q, T) = 0. It follows from Theorem A that T is complete in
the R-topology.

(2) > (3). Let X be a torsion-free R-module; then we have an exact
sequence:

Exti(Q ®x X, T)— Exti(X, T)— ExtX(Q/R Q= X, T).

Now the first term of this sequence is 0 by Theorem A; and the last term is 0
because inj.dimzT = 1. Thus we see that Extx(X, T)=0.

(3) > (4). Let X be a torsion-free R-module; then we have an exact
sequence:

0— Homg (X, T)— Homg (X, Q)— Homz (X, Q/T)— 0.

Since no proper, non-zero submodule of Q is pure in Q, this sequence suffices
to show that the canonical map #: Q — Q/T is a torsion-free cover of Q/T.
(4) > (1). It follows from the definition of torsion-free cover that

0— Homg(Q, T)—> Homg (O, Q)— Hom:(Q, Q/T)—0.

Because Homg (Q, T) =0 and Hom:(Q, Q)= Q by Proposition 0, we see that
Hom:(Q, Q/T)= Q.

To prove that Q/T is an injective R-module, we consider an R-
homomorphism f: J— Q/T, where J is an ideal of R. Because the canonical
map m: Q— Q/T is a torsion-free cover, there exists an R-homomorphism
A:J— Q such that wA = f. By Proposition 0, A is multiplication by an element g
of Q, and thus we can define g: R — Q/T by g(r) = gr + T. It is immediate that
g is an extension of f to all of R. This shows that Q/T is an injective R-module.
If Q/T were decomposable, then we could not have Homg(Q, Q/T)= Q; and
thus Q/T is an indecomposable injective R-module.
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ProposiTiON 1. (1) Suppose that T is a proper, non-zero R-submodule of Q
and that h: Q — Q/T is a torsion-free cover of Q/T. Then any non-zero
R-homomorphism g: Q — Q/T is a torsion-free cover of Q/T.

(2) Suppose that I is a non-zero ideal of R and that ¢: R—>R/I is a
torsion -free cover of R/I. Then any surjection k: R — R/I is a torsion-free cover
of R/L

ProoF. (1) There exists an R-homomorphism y: Q — Q such that hy = g
because h: Q — Q/T is a torsion-free cover of Q/T. Since y is multiplication by
a non-zero element of Q, y is an isomorphism. It then follows easily that
g: Q— Q/T is a torsion-free cover of Q/T.

(2) We have k(1)=r + I for some r € R; and because k is a surjection, it
follows that R = Rr+ 1. Hence we have 1=t +a where t€R and a€ L
Because ¢: R— R/I is a torsion-free cover of R/I there exists an R-
homomorphism v: R — R such that ¢v = k. Now, v is multiplication by s € R;
henceif p(1)=u+Iforu €ER,wehaver+I=k(1)=o(v(1))=¢(s)=su+1
Therefore, r = su + b, where b € I. Thus we have

l=tr+a=tsu+(h+a)=tsu+c, where c =th+a 1s in L

Suppose that X is a torsion-free R-module, and that f: X - R/I is an
R-homomorphism. Then there exists an R-homomorphism &: X — R such that
98 = f. If x € X, then f(x)= tsuf(x)+ cf(x) = tsuf(x) because cf(x)=0. Thus
f = tsuf = tsupd = tu(ps)d = tu(kd) = k(tud)= kA, where A =mé is an R-
homomorphism from X to R. Therefore, because R contains no proper,
non-zero pure submodules, k: R — R/I is a torsion-free cover of R/IL

We now wish to slightly generalize the concept of torsion-free cover as
follows:

DeriNiTION. Let B be an R-module, A a torsion-free R-module, and
¢: A— B an R-homomorphism. We shall say that the pair (A,¢) is a
torsion-free lifting of B is given any R-homomorphism f: X — B, where X is a
torsion-free R-module, then there exists an R-homomorphism A: X — A such
that ¢A = f. Because there exists a free R-module mapping onto B, it is clear
that ¢ is a surjection. Moreover, the definition is obviously equivalent to the
assertion that A is torsion-free and that for any torsion-free R-module X, the
following sequence is exact:

0— Homg (X, Ker ¢ )= Homg (X, A)i> Homg (X, B)— 0.
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Of course a torsion-free cover of B is a torsion-free lifting of B. On the other
hand, if rank A =1, and (A, ¢) is a torsion-free lifting of B, then (A, ¢) is a
torsion-free cover of B because A has no proper, non-zero pure R-submodules.
More generally, it follows from [1, corollary proposition 1] that if (A, ¢)is a
torsion-free lifting of B, and if C is maximal among pure R-submodules of A
contained in Ker ¢, then A/C is isomorphic to a direct summand of A and
(A/C, ¢)is a torsion-free cover of B, where ¢: A/C — B is the map induced by
¢. However, we shall not make use of this fact in this paper.

If Cis an R-submodule of A, then A - A /C will always denote the canonical
map.

PRroOPOSITION 2. Let A be a torsion-free R-module, and CCB CA R-
submodules of A.

(1) If A —> A/C s a torsion-free lifting of A /C, then B — B/C is a torsion-free
lifting of B/C.

(2) If A > A /B is a torsion-free lifting of A/B; and B — B/C is a torsion-free
lifting of B/C, then A — A/C is a torsion-free lifting of A/C.

Proor. (1) Let w: A > A/C and 7,;: B— B/C be the canonical maps. Let
X be a torsion-free R-module and f: X — B/C an R-homomorphism. We can
view f as an R-homomorphism from X to A/C such that Im f CB/C. Then, by
assumption, there exists an R-homomorphism A: X — A such that #A = f. Now
7 (ImA)=Imf CB/C, and hence ImA CB. Thus we can view A as an R-
homomorphism from X to B; and m,A = wA = f. Therefore, B— B/C is a
torsion-free lifting of B/C.

(2) Let m: A > A/B and w;: A/C — A/B be the canonical maps. Then we
have mym =, Let Y be a torsion-free R-module and g: Y—>A/C an
R-homomorphism. Now ;g is an R-homomorphism from Y to A/B, and
hence by assumption there exists an R-homomorphism y: Y — A such that
w2y = msg. Therefore, mmy = 7,y = m:g, and so Im(g — wy)CKer w3 = B/C.
Thus by assumption there exists an R-homomorphism §: Y — B such that
m& =g — my. Since m, is the restriction of # to B, we have =8 = g — my.
Therefore g = w(8 + v), and & + v is an R-homomorphism from Y to A. Hence
A — A/C is a torsion-free lifting of A/C.

PropPosITION 3. Let A be a torsion-free R-module, B an R-module and
¢: A —> B an R-homomorphism. Let S be a multiplicatively closed subset of R
and suppose that the canonical map B — Bs is a monomorphism.
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(1) If ¢: A — B is a torsion-free lifting of B over R, then ¢s: As — Bs is a
torsion-free lifting of Bs over both R and Rs.

(2) If ps: As—> Bgis a torsion-free lifting of Bs over R, and if ¢ 5'(B) C A, then
¢: A — B is a torsion-free lifting of B over R.

Proor. (1) Let X be a torsion-free Rs-module, and f: X — Bs an Rs-
homomorphism. We can assume that B C Bs, and we let Y = f™'(B). Define g to
be the restriction of f to Y. We view g: Y — B as an R-homomorphism; and
hence there exists an R-homomorphism A: Y — A such that A = g.

Now Ys =X, for Ys CXs = X on the one hand; and on the other hand if
x € X, then f(x)=b/s, where b € B and s € S, and so sx € Y, showing that
Y, = X. We also have gs = f. For the domain of gs is Ys = X, and if x € X,
then x =y/s where y€EY and s€S, so that gs(x)=g(y)s=f(y)s=
flyls)=f(x).

Now the domain of As is Ys=X, and ¢sAs = (pA)s = gs =f Hence
¢s is a torsion-free lifting of Bs over Rs. We next show that it is a torsion-free
lifting of Bs over R as well.

Hence suppose that U is a torsion-free R-module and h: U —> Bs an
R-homomorphism. Then U CUs; and hs: Us— (Bs)s = Bs is an Rgs-
homomorphism. Hence, because ¢s: As — Bs is a torsion-free lifting of Bs over
R, there exists an Rs-homomorphism §: Us — As such that ¢s8 = hs. Let 9 be
the restriction of 8 to U. Since h is the restriction of hs to U, we have foru € U
that h(u)= hs(u)= ¢s(8(u))= @s(n(u)). Therefore ¢sn =h, and thus
¢s: As — Bs is also a torsion-free lifting of Bs over R.

(2) Now suppose that ¢s: As — Bs is a torsion-free lifting of Bs over Rs and
that ¢5'(B)CA. Let V be a torsion-free R-module and k: V— B an R-
homomorphism. Then ks: Vs— Bs is an Rs-homomorphism, and hence by
assumption there exists an Rs-homomorphism v: Vs — As such that osv = ks
Let € be the restriction of v to V. Since k is the restriction of ks to V, we have
for v € V that k(v) = ks(v) = ¢s(v(v)) = ¢s(e(v)); and thus ¢se¢ = k. There-
fore, ¢s (Ime)CB, and so Ime Ce5'(B)CA. Thus ¢ is an R-homomorphism
from V to A; and since ¢ is the restriction of ¢s to A, We have k = gse = ¢e.
Therefore, ¢: A — B is a torsion-free lifting of B over R.

REMARKS. Suppose that B is an Rs-module, A a torsion-free Rs-module,
and ¢: A—B an Rs-homomorphism. Then it follows immediately from
Proposition 3 that ¢ : A — B is a torsion-free lifting of B over Rs if and only if it
is a torsion-free lifting of B over R.
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§3. The Main Theorem

DEerFINITION.  Let I be a non-zero ideal of R. We shall say that an R-module X
is I-faithful if the annihilator of I in X is 0.

THEOREM 1. Let I be a non-zero ideal of R. Then the following statements are
equivalent:

(1) R —R/I is a torsion-free cover of R/L

(2) Q— Q/1 is a torsion-free cover of Q/I

(3) Extx(X,I)=0 for all torsion-free R-modules X.

(4) Exto(X, I) is I-faithful for all torsion-free R-modules X.

(5) R is complete in the R-topology, and inj.dimg I = 1.

Proor. The equivalence of (2) and (3) and (5) is a consequence of
Cheatham’s theorem. (If I is complete in the R-topology, so is R [8, theorem
9].) (3) implies (4) trivially. Assume that (4) is true, and let X be a torsion-free
R-module. Because Homg (X, R/I) is annihilated by I we have an exact
sequence:

0—Homg (X, I})— Homg (X, R)— Homz(X, R/I}— 0.

Therefore R — R/I is a torsion-free lifting of R/I. Because R has no proper,
non-zero pure submodules, R — R/I is a torsion-free cover of R/L

To conclude the proof of the theorem we must prove that (1) implies (2). We
shall accomplish this in a series of lemmas.

LEMMA 1. Let I be a non-zero ideal of R and assume that R — R/l is a
torsion-free cover of R/I. Then R, and all ideals of R, are complete in the
R -topology.

Proor. Let H be the completion of R in the R-topology. By [7, prop. 5.10]
we have H/HI = R/I. Hence there exists a surjection of H onto R/I, and so
Homg (H, R/I)#0. Since H is a torsion-free R-module we have an exact
sequence:

0—Homg (H,I})—=Homg (H, R)— Homs (H,R/I)— 0.

Thus Homg (H, R) # 0. But then by [7, prop. 5.11] we have H =R, and R is
complete in the R-topology. Thus Extx(Q,R)=0 by Theorem A. It follows
readily that Extz(Q,J) = 0 for any ideal J of R. This implies that J is complete in
the R-topology by Theorem A.
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LEMMA 2. Let I be a non-zero ideal of R. Then the following statements are
equivalent.

(1) Q— Q/I is a torsion-free cover of Q/IL

(2) Q — Q[T is a torsion-free cover of Q/T for all R-submodules T of Q that
are isomorphic to 1.

(3) R— R/J is a torsion-free cover of R/J for all ideals J of R that are
isomorphic to L

(4) R — R/rlis a torsion-free cover of R/rl for all non-zero elementsr € R.

Proor. (1)=> (2). This is an immediate consequence of Cheatham’s
theorem.

(2) > (3). This follows directly from Proposition 2 (1).

(3) > (4). This is a trivial implication.

(4> (1). By Lemma 1, I is complete in the R-topology. Hence by
Cheatham’s theorem it is sufficient to prove that inj.dimg I =1. Let L be a
non-zero ideal of R and choose a non-zero element r € L. Then we have an
exact sequence:

0->I->1-1/r—0.

By Proposition 2 (1), I — I/l is a torsion-free cover of I/rl. Therefore, we have
an exact sequence:

0—Homg (L, I)-> Homg (L, I)— Homg (L, I/rl)— 0.

It follows that the following sequence is exact:
0— Extr(L, I)-= Extg(L, I).

Thus r is not a zero-divisor on Extr(L,I). However, since Extip(L,I)=
Extx(R/L, I), it follows that Extx(L, I) is annihilated by r. Thus Extk(L, I)= 0.
As is well known, this implies that inj.dimg I = 1.

LeEMMA 3. Let I be a non-zero of R such that R — R/I is a torsion-free cover
of R/I Let S be a multiplicatively closed subset of R. Then Is N R = I if and only
ifl=1Is

ProoF. Suppose that Is "R = 1. Since the kernel of the canonical map
R — Rs/Is is Is N R, it follows from our assumption that R/I — Rs/Is is a
monomorphism. Because (R/I)s = Rs/Is, we can conclude from Proposition 3
that Rs — Rs/I; is a torsion-free cover of Rs/Is over R. Since Is CR + Is C R, it
follows from Proposition 2(1) that R + Is — (R + Is)/Is is a torsion-free lifting of
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(R + I5)/Is over R. Because R + Is has no proper, non-zero, pure submodules, it
is a torsion-free cover of (R + Is)/Is. Now

(R+1Is)/Is=R/(IsNR)=R/L

Hence by the uniqueness of the torsion-free cover (see Banaschewski’s
Theorem), we see that R + I is isomorphic to R.

Thus there exists a non-zero element q in R + Is such that R + Is = Rq. Since
q € Rs, we have q = r/s where r € R and s € S. It follows that sIs CR. Now
sIs = Is, and so Is CR. Therefore, I=IsNR = I

LeEMMA 4. Let I be a non-zero ideal of R such that R — R/I is a torsion-free
cover of R/I. Then I is contained in the Jacobson radical of R.

Proor. Let S={l-a la € I}; then S is a multiplicatively closed subset of
R. Let rEIsNR; then r=>b/s, where bEI and s € S. Hence s =1—a for
some a €I Thus r=»5+ ar € I, and so we have Is N R = I. It follows from
Lemma 3 that I = I

Let M be a maximal ideal of R, and suppose that IZ M. Then R = M + I, and
hence we have 1=m +a, where m €M anda €Il Thus m=1-a=s€S,;
and so 1/m =1+a/m =1+ a/s is an element of R + Is = R. Therefore 1=
(1/m)-m € M; and this contradiction shows that I is contained in every
maximal ideal of R; i.e., I is contained in the Jacobson radical of R.

LEmMMA 5. Let I be a non-zero ideal of R such that R — R/I is torsion-free
cover of R/IL LetJ be any ideal of R such thatJ CI; and let A be an R -submodule
of Q. Then there exists a surjection of A onto R/J if and only if A =R.

Proor. Suppose that f: A — R/J is a surjection. Let #: R — R/I be the
canonical map and #: R/J — R/I the canonical surjection induced by #. Then
Ef is a surjection of A onto R/I; and hence there exists an R-homomorphism
A: A — R such that w#A = #f. Since A is multiplication by a non-zero element of
Q, A is a monomorphism. On the other hand, since #f is a surjection,
7w(ImA)= R/l Therefore, R =ImA + L But I is contained in the Jacobson
radical of R by Lemma 4, and so ImA = R. Thus A is an isomorphism.

LemMa 6. Let I be a non-zero ideal of R such that R — R/I is a torsion free
cover of R/I. Then Q/I is an essential extension of R/IL

Proor. Let x be a non-zero element of Q/I. We wish to show that
Rx N(R/I)#0. Hence suppose that Rx N(R/I)=0.Now x = a/b + I, where a
and b are non-zero elements of R. Since x& R/I, we have a & Rb.
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We have AnnRx={rER’ra/bEI}={rEera€Ib}=(Ib:a). Now
(Rb:a)={r€R’rx€R/I}; and since RxNR/I=0, we have (Ib:a)=
(Rb: a). Thus

(Ra+Ib)NRb =(Rb:a)a+1Ib=(Ib: a)a+Ib=1Ib.

Hence (Ra + Rb)/(Ra + Ib)= Rb/[(Ra + Ib) N Rb] = Rb/Ib = R/I. Hence we
have a surjection (Ra + Rb)— R/l Therefore, by Lemma 5, Ra+ Rb is
isomorphic to R. Thus there exists ¢ € Ra + Rb such that Ra + Rb = Re.

We have a=rc, b =1tc, and ¢ = ua + bv, where r, t, u, v are in R. Thus
c=urc+vtc, and so l=wur+ovt. Now (Rb:a)=(Ric:rc)=(Rt:r); and
(Ib: a)=(Itc: rc)= (It: r). Hence we have (Rt: r)=(It: r). Since t E(Rt: r),
we have t € (It: r). It follows that r € I. Therefore ur € I also. Since I is
contained in the Jacobson radical of R by Lemma 4, we have that vt = 1 —urisa
unit in R. Therefore, t is also a unit in R. Hence Rb = Rtc = Rc, and so
a € Rc = Rb. This contradiction shows that Rx N(R/I}# 0; and so Q/I is an
essential extension of R/IL

ProOF OF THEOREM 1. We are now ready to conclude the proof of Theorem
1. Hence suppose that I is a non-zero ideal of R and that R—>R/I is a
torsion-free cover of R/I. We wish to prove that Q — Q/I is a torsion-free cover
of Q/I. Let r be a non-zero element of R. By Lemma 2, it is sufficient to prove
that R— R/rl is a torsion-free cover of R/rl. By Lemma § it is sufficient to prove
that the torsion-free cover of R/rI given by Banaschewski’s Theorem has rank 1.

Letx=1+Tandy =1/r+1in Q/I Then ry = x, and so Rx C Ry. Moreover,
we have Rx = R/I and Ry = R/rl. Since Q/I is an essential extension of Rx by
Lemma 6, it follows that Q/I is also an essential extension of Ry. Thus if C is an
injective envelope of Q/I, then C is also an injective envelope of Rx and of Ry;
i.e. of R/I and of R/rL

Let

T, = {f € Homg (Q, C)|f(1) € Rx}
and

T, = {f € Homx(Q, C)|f(1) € Ry}.

Then T, CT,. Define ¢,.: T, = Rx by &.(f) = f(1); and ¢,: T, > Ry by &,(f) =
f(1). Thus &, is the restriction of ¢, to T.. If g € Ker &,, then g(1) = 0, and hence
g € T.. Thus we have Kerg, CKereg, CT, CT,. Hence rank T, = rank Ker ¢, =
rank T,. By Banaschewski’s theorem, T, and T, are torsion-free covers of R/I
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and R/rl, respectively. Thus by the uniqueness of the torsion-free cover, we have
T. = R. It follows that rank T, = 1. Thus by Lemma 5, T, = R. Hence, using
Proposition 1, we see that R — R/rI is a torsion-free cover of R/rl. We now
have by Lemma 2 that Q — Q/I is a torsion-free cover of Q/L

CoroLLARY 1. Let K = Q/R; then the following statements are equivalent :

(1) O — K is a torsion-free cover of K.

(2) R is complete in the R-topology, and K is an injective R-module (i.e.
inj.dimgR = 1).

(3) R—> R/rR is a torsion-free cover of R/rR for any non-zero, non-unit
element r of R.

(4) There exists a non-zero, non-unit element r of R such that R > R/rR is a
torsion-free cover of R/rR.

(5) Extx(X, R) =0 for any torsion-free R-module X.

(6) Extr(X, R) is torsion-free for any torsion-free R-module X.

(7) There exists a non-zero, non-unit element r of R that is not a zero divisor on
Extr(X, R) for any torsion-free R-module X.

In this case R is a quasi-local domain.

Proor. The equivalence of (1), (2), and (5) is a consequence of Cheatham’s
theorem. If we let I = Rr, then Q/I = K, and thus (1) 2> (3) > (4) = (1) follows
readily from Theorem 1. The implications (5) = (6) > (7) are trivial; while
(7) = (1) follows from Theorem 1, because Extr(X, R)= Extx(X, Rr).

By Lemma 4, every non-zero, non-unit element of R is in the Jacobson radical
of R. Thus R has only a single maximal ideal; i.e., R is a quasi-local domain.

REMARks. Let I be a non-zero ideal of R such that R — R/I is a torsion-free
cover of R/I. By Lemma 6, Theorem 1, and Cheatham’s theorem we have that
Q/I is an injective envelope of R/I, and Q/] is an indecomposable injective
R-module. It follows from [5, theorem 2.4] that I is an irreducible ideal of R;
i.e., I is not the intersection of two properly larger ideals. A further consequence
of the fact that Q/I is an essential extension of R/I is that if A is any
R -submodule of Q such that (A N R)CI, then we have A CI. Thusif J is a
prime ideal of R contained in I, then J = JR,.

§4. The prime ideal determined by I
Throught this section we shall use the following notation.

DeriNiTION. Let I be a non-zero ideal of R such that R—> R/l is a
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torsion-free cover of R/I. Define A={q € Q qu CI}; then, of course, A is the
endomorphism ring of I over R; ie., A=Homg(l,I). Define M=
{ge 0 Iqlgl}, and P={r€ER lrIEI}. Then P is called the prime ideal of R
determined by 1. We shall justify this terminology in the next theorem.

THEOREM 2. Let I be a non-zero ideal of R such that R — R/ is a torsion -free
cover of R/I.

(1) A is a quasi-local domain with maximal ideal M.

(2) If T is any ring between R and A, then I'>T/I and Q — Q/I are
torsion-free covers of I'/I and Q/I, respectively, over the ring T.

(3) P is a prime ideal of R containing I. We have I = I, and Ry CA.

@) If M is a maximal ideal of R, then I = I, if and only if P CM. Thus if
P CM, then Ry, CA.

Proor. (1) If A is a non-zero element of A, then A induces a surjection
X: Q/I - Q/I with KerA = (1/A)I/I. Hence A € # if and only if Ker A # 0.
Suppose A, and A, are in . Then Ker A, # 0 and Ker A, # 0. Now Q/I is an
indecomposable injective R-module by Theorem 1 and Cheatham’s theorem.
Thus Q/I is an essential extension of every one of its non-zero submodules.
Therefore, any two non-zero R-submodules of Q/I have non-zero intersection.
Thus Keri,NKerA,#0. Since (KerA;NKer,;)CKer(A;+1,), we have
Ker (A; + A;) # 0. Therefore, A+ A, € M. It is clear from the definition of # that
M is the set of non-units of A. It now follows that A is a quasi-local domain with
maximal ideal L.

(2) Let T' be a ring between R and A; then I'I = I. Let X be a torsion-free
I'-module, and suppose that f: X — Q/I is a I'-homomorphism. Then f is also an
R-homomorphism, and since 7: Q — Q/I is a torsion-free cover of Q/I over R
by Theorem 1, there exists an R-homomorphism ¢: X — Q such that 7o = f.
Because Q is a torsion-free and divisible R-module, it follows immediately that
¢ is also a -homomorphism. Of course 7 is a '-homomorphism because I'l = I.
Thus #: Q— Q/I is a torsion-free cover of Q/I over I'. But then, by
Proposition 2, I'->I'/I is also a torsion-free cover of I'/I over I'.

(3) It is clear that P = # N R; and since ./ is a maximal ideal of A, P is a
prime ideal of R. If s € R — P, then by the definition of P we have sI = I, and
hence (1/s)I = I. Therefore, I =Ip. It is now obvious that I C P, and that
Rr CA.

(4) Let M be a maximal ideal of R. If P CM, then (R — M)C(R — P) and
hence I Cly Clr =1 Conversely, suppose that I=1,. If t€ R~ M, then
tI=tly=1I,=1 and so t E R —P. Thus P CM, and it is clear that R, CA.
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THEOREM 3. Let I be a non-zero ideal of R such that R — R /I is a torsion -free
cover of R/I. Let P be the prime ideal of R determined by I.

() IfreER—-1, then (I: r)CP.

(2) IfrER, then (I: r)=1& rgP.

B)YIfreR, then ()=l (I:nr=I1ICRr& R—>R/I:r) is a
torsion - free cover of R/(I: r).

(4) P is the set of elements of R that are zero-divisors on R/L

(S) (I: PY#1 & Q/I =E(R/P), the injective envelope of R/P over R.

(6) R is a quasi-local ring with maximal ideal P & sI = I for s € R implies
that s is a unit in R.

Proor, (1) Suppose that r € R, and let c € (I: r). If ¢ P, then ¢l =I; and
hence, since cr € I, we must have r € L.

(2) Suppose that r € R — P; then rI = . Hence, ifc € (I: r),thencr€ I =1l
and so ¢ € I. Thus we have (I: r) = I. Conversely, suppose that (I: r)= I Then
INRr=(I:r)r=1Ir Therefore, (I + Rr)/I = Rr/(INRr)= Rr/Ir =R/l Thus
there exists a surjection of I + Rr onto R/I. Hence by Lemma 5, I + Rr=R.
Therefore, there exists an element ¢t € I + Rr such that I+ Rr = Rt. Since
Rr CRt, we have (I: t)C(I: r)=1C(I:t). Thus (I: t)= I Now I CRt, and so
we have I = I N Rt = (I: 1)t = It. Therefore, t& P. Because I CP,and I + Rr =
Rzt it follows that r& P.

(3) Let re R; then INRr=(I:r)r. Thus (I: r)r=1 if and only if I CRr.
Now suppose that (I: r)= I Then it follows readily from Theorem 1 and Lemma
2 that R—> R/(I: r) is a torsion-free cover of R/(I: r). On the other hand,
suppose that R — R/(I: r) is a torsion-free cover of R/(I: r). By Proposition 2,
(I+Rr)—> (I +Rr)/I is a torsion-free cover of (I + Rr)/I. But (I + Rr)/I =
Rr/(INRr)= Rr/(I: r)r=R/(I: r). Hence by the uniqueness of the torsion-
free cover, we have I + Rr = R. Thus there exists an element t € I + Rr such
that I + Rr = Rt. Hence t = a + ur, where a €I and u € R; and r = ct, where
cE€R. Thus we have r=ca+cur, and so (1—cu)r=ca €l Therefore
(1—cu)€ (I: r); but by Lemma 4, (I: r) is contained in the Jacobson radical of
R. Thus cu, and hence ¢, are units in R. Therefore Rr = Rct = Rt. Since I CRt¢,
we have I CRr. Therefore, I =1NRr=(I:r)r. It follows immediately that
I=(I:r).

(4) If r€& R— P, then (I: r)=I by (2), and hence r is not a zero divisor on
R/I. On the other hand, suppose that r € P. Then by (2), (I: r)# I, andso ris a
zero divisor on R/I Thus P is the set of zero divisors of R on R/L

(5) Suppose that (I: P) # I. There then exists an element r € R — I such that
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rP CI; that is, PC(I: r). By (1), we have (I: r)CP, and so P =(I:r). Let
x=r+I1€ Q/I Then Anngx =(I: r)= P, and so Rx = R/P. Since Q/I is an
indecomposable injective R-module by Theorem 1 and Cheatham’s theorem,
Q/I is an injective envelope of every one of its non-zero R-submodules.
Therefore, Q/I = E(Rx)= E(R/P).

Conversely, suppose that Q/I = E(R/P). Then there exists an element
x € Q/I such that Anngx = P. Since Q/I is an essential extension of R/I by
Lemma 6, there exists an element t € R such that y = tx# 0 and y € R/I. Thus
y =r+1I for some r € R —I; and so Anngy =(I:r). We have Py = tPx = (,
and so PC(I:r). But (I: r)CP by (1). Thus (I: r)=P, re(I: P), and rZ L
Therefore, (I: P)# L

(6) If R is a quasi-local ring with maximal ideal P, then s € R is a unit in
R © s€R—-P & sl =1 On the other hand suppose that sI =1 for s€ER
implies that s is a unit of R. Then every element of R — P is a unit of R, andso R
is quasi-local with maximal ideal P.

REMARKS. Suppose that R — R/I is a torsion-free cover of R/I and that
(I: P)# 1. Then by Theorem 3 (5), Q/I = E(R/P)=E. By Theorem 1 and
Cheatham’s theorem we have Homg(Q,E)= Q. It then follows from [6,
proposition 6] that every valuation ring between Rr and Q is a maximal
valuation ring and that the prime ideals contained in P are linearly ordered.

COROLLARY 2. Let I be a non-zero ideal of R such that R—>R/I is a
torsion-free cover of R /1; and let P be the prime ideal of R determined by 1. If I is a
finitely generated ideal of R, then R is a quasi-local ring with maximal ideal P.

ProoE. Let s € R and suppose that sI = I. By Theorem 3 (6) it is sufficient to
show that s is a unit in R. Suppose that s is not a unit in R. Then there exists a
maximal ideal M such that s € M. Then in R\ we have s € MRy, and sly = I
Since I is a finitely generated ideal of Ry, we have by the Nakayama Lemma
that I, = 0. This contradiction shows that s is a unit in R.

§5. Noetherian domains and Priifer domains

THEOREM 4. Let R be a Noetherian integral domain.

(1) There exists a non-zero ideal I of R such that R — R/I is a torsion-free
cover of R/I if and only if R is a complete, Noetherian local domain of Krull
dimension 1. In this case Q/I = E = E(R/P) where P is the maximal ideal of R
(and of course P is the prime ideal determined by I). Moreover I=
Homg(Q/R, E), the canonical ideal of R; and A =R.
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(2) There exists a non-zero, non-unit element r of R such that R > R/Rris a
torsion-free cover of R/Rr if and only if R is a complete, Noetherian, local,
Gorenstein ring of Krull dimension 1.

Proor. (1) Suppose that R— R/I is a torsion-free cover of R/I By
Corollary 2, R is a local ring with maximal ideal P, the prime ideal determined
by I. By Theorem 3 (4), P is the set of zero divisors on R/I, and hence P is one of
the associated prime ideals of I. Thus there exists an element r € R — I such that
Pr CI Hence by Theorem 3 (5), we have Q/I = E(R/P)=E.

Let V be a valuation ring in Q dominating R (i.e., if m (V) is the maximal
ideal of V, then RCV and m(V)N R = P). Then V/m(V) is a vector space
over R/P, and hence there exists a surjection of V onto R/P. Let r be an
element of R — I such that PrCI and let x =r+1 in R/L Then Anng x = P,
and so Rx = R/P. Thus we have a non-zero R-homomorphism from V into R/I.
Therefore, there exists a non-zero R-homomorphism A: V— R. Since A is
multiplication by a non-zero element of Q, A is monomorphism. Therefore, V is
isomorphic to an ideal of R and hence is a finitely generated R-module. But
then V is the integral closure of R, and is a Noetherian valuation ring; i.e., 2
discrete valuation ring. It follows immediately that R has Krull dimension 1. But
then the R-topology and the P-adic topology on R are the same; and hence R is
complete in the P-adic topology by Lemma 1.

Let K=Q/R; by [8, theorem 9] we have I=Homg (K, KQRQrl)=
Homg (K, Q/I)=Homg (K, E), the canonical ideal of R. We also have A =
Homg (I,I) = Homg (I, Homg (K, K @& I)) = Homg (K Qr I, K @ I) =
Homg (Q/I, Q/I)=Homg (E, E). And by [5, theorem 3.7) Homg (E, E)= R.
Thus we have A = R.

Conversely, suppose that R is a complete, Noetherian local domain of Krull
dimension 1 with maximal ideal P. Then by [6, proof of theorem 4] there exists a
non-zero ideal I of R such that Q/I = E(R/P). Since I is complete in the
R-topology, Q — Q/I is a torsion-free cover of Q/I by Cheatham’s theorem.
Therefore, R — R/I is a torsion-free cover of R/I by Proposition 2.

(2) Suppose that there exists a non-zero, non-unit element r of R such that
R — R/Rr is a torsion-free cover of R/Rr. By part (1), R is a complete,
Noetherian local domain of Krull dimension 1; and Q/Rr = E(R/P), where P is
the maximal ideal of R. Therefore, K = Q/R is isomorphic to E(R/P), and
hence inj. dimgR =1, that is, R is a Gorenstein ring.

Of course, if R is a complete, Noetherian local Gorenstein domain of Krull
dimension 1 then inj.dimgxR =1, and so K= Q/R is injective. Hence
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R — R/Rr is a torsion-free cover of R/Rr for all non-zero, non-unit elements r
of R by Corollary 1.

LeMMA 7. Let R be an integral domain and I a non-zero ideal of R such that
R — R/l is a torsion-free cover of R/I. Suppose that I is a flat R-module. Then
Q — Q/A is a torsion-free cover of Q/A over both R and A.

Proor. By Theorem 1, Q/I is an injective R-module; and thus we have an
exact sequence:

0— Homg (R/L, Q/I)— Homg (R, Q/I)— Home (I, Q/I)— 0.

Because I is a flat R-module, Homg (I, Q/I) is an injective R-module.
Furthermore, Homg (R, Q/I)= Q/I Thus inj.dimgHomg (R/I, Q/I)= 1.

However, Homg (R/I, Q/I)= Annihilator of I in Q/I={q+I€& Q/II
gl CI}= A/l Thus, inj.dimgA/I =1. Since inj.dimgl =1, we see that
inj.dimg A = 1; that is Q/A is an injective R-module. Since A is isomorphic to
an ideal of R, A is complete in the R-topology by Lemma 1. Thus by Cheatham’s
theorem, Q — Q/A is a torsion-free cover of Q/A over R. If X is a torsion-free
A-module, then an R-homomorphism from X into Q is also a A-
homomorphism. Therefore, Q@ — Q/A is a torsion-free cover of Q/A over A as
well.

REMARKS., We observe that if I is a flat R-module, and if I' is any ring
between R and A, then I'l = I, and I is a flat I"-module by an elementary change
of rings argument.

LemMMA 8. Let R be an integral domain and I a non-zero ideal of R such that
R — R/I is a torsion-free cover of R/I; and let P be the prime ideal of R
determined by I. If R, is a valuation ring, then Rp = A, and R, is a maximal
valuation ring.

Proor. By Theorem 2 we can assume that R = R.. Let A € A, and suppose
that AZ R. Since R is a valuation ring, we have that 1/A is in P, the maximal
ideal of R. Thus AI CI and (1/A)I & I. This contradiction shows that R = A.

Since R is a valuation ring, I is a flat ideal of R. Therefore Q/A is an injective
R-module by Lemma 7 and Cheatham’s theorem; that is, K = Q/R is an
injective R-module. Furthermore, R is complete in the R-topology by Lemma
1. Therefore, R is a maximal valuation ring by [8, theorem 51}.

We can now place the following theorem of Enochs in the context of the
results we have obtained. '
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THeEOREM (Enochs). Let R be an integral domain. Then there exists a
maximal ideal M of R such that R — R/M is a torsion -free cover of R /M if and
only if R is a maximal valuation ring.

Proor. Suppose that M is a maximal ideal of R such that R > R/M is a
torsion-free cover of R/M. By Lemma 4, R is a quasi-local ring with maximal
ideal M. Let J be any finitely generated non-zero ideal of R. Then J# MJ by
Nakayama’s Lemma. Hence J/MJ is a non-zero finite dimensional vector space
over R/M. Thus there exists a surjection of J onto R/M. Thus by Lemma 5, J is
a principal ideal of R. It follows immediately that R is a valuation ring. By
Lemma 8, R is a maximal valuation ring.

Conversely, if R is a maximal valuation ring with maximal ideal M, then
Extr(X, M) =0 for any torsion-free R-module X by [8, theorem 51]. Thus
R — R/M is a torsion-free cover of R/M by Theorem 1.

LeMMA 9. Let R be an integral domain and P a non-zero prime ideal of R.
Then R — R/P is a torsion-free cover of R/P if and only if P = PRp and R is a
maximal valuation ring.

Proor. Suppose that R — R/P is a torsion-free cover of R/P. By Theorem 3
(4), P is the prime ideal of R determined by P. Hence by Theorem 2 (3), we have
P = PR,. Since the canonical map R/P — Rp/PR, is a monomorphism, it
follows from Proposition 3 that R, — Rp/PR5 is a torsion-free cover of R;/PR;
over Rp. Then Rr is a maximal valuation ring by Enochs Theorem.

Conversely, suppose that P = PRp, and that R, is a maximal valuation ring.
By Enochs Theorem Rr — Ry/PR; is a torsion-free cover of R»/PR, over Rp.
Let m: R — R/P be the canonical map. Then wp: Rp = (R/P)p = Rp/PRp =
Rp/P. Hence we have 7w3'(R/P)= R + PR, = R. Thus by Proposition 3 (2), it
follows that R — R/P is a torsion-free cover of R/P over R.

THEOREM 5. Let R be a Priifer domain, and I a non-zero ideal of R such that
R > R/l is a torsion-free cover of R/I; and let P be the prime ideal of R
determined by I. Then Rp = A is a maximal valuation ring. Moreover, R — R /P is
a torsion-free cover of R/P if and only if P is contained in the Jacobson radical of
R.

Proor. Since R is a Priifer ring, R» is a valuation ring. Thus R, = A is a
maximal valuation ring by Lemma 8. Now if R — R/P is a torsion-free cover of
R/P, then P is contained in the Jacobson radical of R by Lemma 4. Conversely,
assume that P is contained in the Jacobson radical of R. Let M be a maximal
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ideal of R. Since R is a Priifer ring, R is a valuation ring. Now P CM, and
hence P, is a prime ideal of R, and also Ry C Rp. Therefore, because both Re
and R, are valuation rings, the maximal ideal of Rp is contained in Ry. Hence
PR, = Py. Thus as M ranges over all maximal ideals of R we have PRp = N Py
However, it is a general fact about localizations that () P, = P. Therefore,
PRy = P. Since R, is a maximal valuation ring, it follows from Lemma 9 that
R — R/P is a torsion-free cover of R/P over R.

CoroLLAaRrY 3. Let R be a valuation ring. Then the following statements are
equivalent:

(1) There exists a non-zero ideal I of R such that R — R/I is a torsion-free
cover of R/I

(2) There exists a non-zero prime ideal P of R such that R—>R/P is a
torsion-free cover of R/P.

(3) There exists a non-zero prime ideal P of R such that R is a maximal
valuation ring.

Proor. (1) > (3). Lemma 8.
3)=> (2). Lemma 9.
(2) > (1}. Trivial.

CoroLLARY 4. Let R be an integral domain such that Ry is a maximal
valuation ring for any maximal ideal M of R. Let P be a non-zero prime ideal of
R. Then P is contained in the Jacobson radical of R if and only if R >R/Pisa
torsion-free cover of R/P.

Proor. If R — R/P is atorsion-free cover of R/P, then P is contained in the
Jacobson radical of R by Lemma 4. Conversely suppose that P is contained in
the Jacobson radical of R. As in the proof of Theorem 5, we have P = PR,. If M
is any maximal ideal of R, then P CM, and hence Ry, = (Run)»s. Since Ry, is a
maximal valuation ring by assumption, (Rwm)» is a maximal valuation ring by [8,
theorem 93]. Therefore R — R/P is a torsion-free cover of R/P by Lemma 9.

REMARkS. We observe that in [8, p. 154] an example is given of a domain R
that is not a valuation ring, but such that R,, is a maximal valuation ring for any
maximal ideal M of R, and such that there exists a non-zero prime ideal in the
Jacobson radical of R. Of course, there also exist examples of complete
Noetherian local domains of Krull dimension 1 that are not discrete valuation
rings. By Corollary 4 and Theorem 4, both of these examples have non-zero
ideals I such that R — R/I is a torsion-free cover of R/I. Thus this condition,
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while indeed quite restrictive, nonetheless has many interesting examples that
are not maximal valuation rings.
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